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Abstract. The method of separation of variables can be used to solve many separable 
linear partial differential equations (LPDEs). Moreover, variable separation solutions 
usually are some trigonometric series. In the paper, base on some ideas of this method, 
we introduce a new technique to solve the Cauchy problem for some LPDEs with the 
initial conditions consisting of some trigonometric series, power series and exponential 
series. Then many LPDEs which are not separable are solved, such as some second 
order elliptic equations, Stokes equations and so on. In addition, the solutions of them 
can be expressed by trigonometric series, power series or exponential series. Moreover, 
by using power amd exponential series and an iterative method, we can solve many 
LPDEs and nonlinear PDEs for the first time. 
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1 Introduction 


The method of separation of variables (also known as the Fourier method) is one of the 
oldest and most widely used techniques for solving linear partial differential equations 
(LPDEs) [1]. Moreover, variable separation solutions are trigonometric series in general. 
However, this method can not be used to deal with the LPDEs which are not separable. 
In addition, variable separation solutions usually could not be expressed by power series 
and exponential series. 

Eor simplicity, we write 


T’ _„ (Cl . 






Some keys in solving many LPDEs (such as the wave equation) by using the method 
of separation of variables are: 
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(A) The functions in the boundary conditions of these LPDEs can be expressed by 
trigonometric series (Fourier series). 

(B) Stretching transformation (eigenvalues and eigenvectors): 

TisinA:x= sinkx, k = l,2 ,---; 

Ticoskx= Ujk^^^ coskx, k = 0,l,2,---} 

^ (//:)/) k = 0,±l,±2r- •. 


Our work's motivation partly comes from the following ideas: 

(A') There are some functions which can be expressed by power series or exponential 
series (Taylor series). For examples: 


1 

l-x 

1 

1-e^ 


xG(-i,i); 

--LCoe'^\ xe(-oo,0). 


(B') Stretching transformation (eigenvalues and eigenvectors): 

T2e'^^ = [lU ajki) k = 0, 1,2,• • ■ ; 

xK k = 0,l,2,.-.. 

Then base on (A), (B), (A'), (B'), the undetermined coefficient method and the superpo¬ 
sition principle for the solution of LPDFs, we introduce a new technique, by using which 
we can solve the cauchy problem for many FPDEs even if they are not separable, such as 
some second order elliptic equation, Stokes equations and so on. Moreover, the solutions 
of them can be trigonometric series, power series or exponential series. 

Fet Ai = A 2 = where \,}i G R\{0}. Then for any rai,m 2 = 0,1,2,-• 

we have 

{ gAmiXgAm2X _ ^A{mi+m2)x g 

G A 2 , (1.1) 

mi + m2 > max{mi,m2}. 

Then by using an iterative method with respect to dl.lll . we can solve many FPDEs and 
nonlinear PDFs (NPDEs) for the first time. 


2 Series solutions to the cauchy problem for some LPDEs 

Notation 


R — the real numbers. 

C — the complex numbers. 
e/ = exp(/). 

= A«) k/SR, l<;<n}. 

X^ = {{kir--,kn)\kj = Q,±l,±2r--,l<i<n}. 
N" = {(fci,---,/cklk-0,l,2,---,l<;<n}. 
n\ = {{ki,---,K)\kj = l,2,---,l<i<n}. 

+00 n 

E fljt= E E flfc, \k\ = E \kj\- 

k={ki,---,k„)EZ’' m=0 \k\=m ;=1 
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Let r = {Tpci)„xn be an n X n matrix differential operator, and let 

^pq ‘^pqh 

E Bp,/.; 

h^O j=l 

where l<p,q<n, mp^eN, iVpqh^'N+, ocpqhj^^”, xeOCK", Apqi,it)eC[0,T], Bpqhj{x)eC{n). 

In this section, we consider the Cauchy problem for the following LPDEs: 

' Tu{x,t)=f{x,t), xGn,0<t<T, (2.1) 

d’luq\t=o^J^rqhk^k^C{Cl), l<q<n,0<h<mq-l, ( 2 . 2 ) 

keA 

fj=J^^Aj{t)eC{n®[OJ]), l<j<n, (2.3) 

. keA 

whereM = (Mi,---,M„)^,/=(/i,---,/„)^, ^;teC(Q),/:eACN'', and mq = max nip., l<q<n. 

'^<P<n 

Definition 2.1. We say Eq. (I2.1ll - (l2.3ll fulfils the Eourier-Taylor conditions, which we shall 
denote by u{x,t) G FT(n0[O,T]), {^k}keA^ if for any l<p,q< n, 0<h<mpq, l<j< Wpqh, 
there exists a sequence {IpqhjkjkeA Q C such that 

^pqhj{x)D ^pqhjk^kr ^GA. 

Next we solve Eq. (I2.1ll - (l2.3ll when u(x,t) GET(Lf„^f), {^k}keA holds. We let 

u(x,t)=J2^kTk{t), (2.4) 

keA 

where Ti^{t) = (Tjti (t),- ■ • ,T;cn (f))^- Suppose that the following conditions hold: 
u= ^ ^fcT^(f) GC(n0 [0,T]), 

keA 

< 

E Tf)(t)a“"^^'^fcGC(n0[O,T]), \<p,q<n,0<h<mpq,l<i<Wpqh. 

. keA 

(2.5) 

Then by substituting the series (12.511 into Eq. (I2.1l) - (l2.3ll we have 

E ( E ^pqhjk^pqh{i)Tpq\t)-Zkp{t)]=0,'i-<P<n, 

< keA \l<q<n, 0</j<mp,, J 

dtUq\t=o= E Tln\o)^k= Lrqhk^k, I < q <n, 0 <h <mq-1, 

keA ' keA 

Eor every fc G A, let 

E ^pqhjk^pqhii)Tpq\t) — 'Z‘kp{t)=^r '^<P<n, 

< !<<?<«/ 0<h<mp^, ( 2 . 6 ) 

TkqiO)=rqhk, 'i-<q<n,0<h<mq-l. 

This is a Cauchy problem for an ODEs, so we may get Tpq{t), l<q<n, k^A. 

Definition 2.2. We call the series (12.41) a formal solution of Eq. (I2.1ll - (l2.3ll w.r.t. (with respect 
to) {^k}keA- 
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Theorem 2.3. If u{x,t) G FT{D,(B [0,r]), {^ujkeAf arid if the solution of Eq. (I2.6|l exists and 
is unique for every /c G A , then the formal solution of Eq. (I2.1I) - (|2.3|) w.r.t. {^k}keA exists 
and is unique. 

Theorem 2.4. Suppose that the series (12.41) is a formal solution of Eq. (I2.1ll - (l2.3ll w.r.t. 
{^k}keA- If it satisfies the conditions (12.511 . then it is a solution of Eq. (|2.1I) - (|2.3D . 

Clearly if A is a finite set, then the conditions (12.51) hold. So we have: 

Theorem 2.5. If A is a finite set, then a formal solution of Eq. (I2.1I) - (I2.3I) w.r.t. {^k}keA is a 
solution. 

Next we solve a well known partial differential equation by using the above technique. 
The result we obtain is exactly the same as the variable separation solutions. However, our 
technique is more simple and intuitive. 

Example 2.6. (Wave Equation [2J). 


' Utt — a^Uxx = 0, 0<x</, f>0, fl gR\{0}, 


(2.7) 

( 2 . 8 ) 



, u{0,t) = u{l,t)=0. 


(2.9) 


If we delete the condition (I2.9I) . then u{x,t) G Fr([O,Z]0 [0,+oo)), |sin^|^ ^ 


. Next 


we set 


uix,t)= Tk{t)sm— 


keK+ 


I 


( 2 . 10 ) 


It satisfies (I2.9D . Suppose that the series (12.101) satisfies the following conditions: 


' u= E Tfc(f)sin^GC([0,Z]©[0,+oo)), 


keK+ 



( 2 . 11 ) 


Utt= L r''(f)sin^GC([0,Z]©[0,+oo)). 


keK+ 


Then by substituting the series (I2.11D into Eq. (I2.7I) - (I2.9D we have 



< U{x,0)= E Tk{0)sm^= E A^sin^, 



keK+ 


keK+ 



Next for any /c G N+, we let 
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Then we have 


Tk{t) = AkCosSl^t+^Bksm2^t, fceN+. 

So the formal solution of Eq. (I2.7D - (I2.9I) w.r.t. |sin^ 1 is: 

I ' J keK+ 

uixA)= L (AkCOS^t+^BkSm2Jft)sm!^, 


Theorem 2.7. If 


L +lc|Bj:| < +0O, 

k<m^ 


( 2 . 12 ) 

(2.13) 


then the series (12.121) is a solution of Eq. (I2.7N2.9I) . 


Proof The inequality (12.1311 implies that the series (12.121) satisfies the conditions (12.111) . so 
it is a solution of Eq. (I2.7I) - (I2.9D by Theorem l2.4l 

The following PDEs could not be dealt with by using the method of separation of vari¬ 
ables, one reason is that they are not separable. However, we can get the exact solutions of 
them. 

Example 2.8. (Second order hyperbolic equation) 

aUxt ~\~buxx = 0, 

fl,foGR, A = fl^ —4fc>0, xGR, f>0, 

, knx 


u{x,0)= i; A;,cos^, tq(x,0)= £ B^sin 


knx 


(2.14) 


We let 


A' = l 


keK 

4^,fcGN+; 
Aq, k = 0 ; 

-fcGN+; 


keNx 


B. 




ff,/CGN+; 

-IcgNh 


Then we have 


e I 


u{x,0)= £ Aj,cos^= Y. 

JceiN kez 

Utix,0)= Y Bksm’^= Y B'/ 

keK+ kez\{o} 


Thus 


M(x,f)GFT(R©[0,oo)), 


So we let 


kez 


u{x,t)= Y,Tk{t)e"'"\ 

kez 


(2.15) 


Suppose that the series (12.151) satisfies the following conditions: 


YTk{t)e'-^eC{R®[0,oo)), 
kez 


32 

dx^ 


Y Tk{t)e^= Y Tk{t)(e‘^) GC(R©[0,oo)), 

,.6Z kez ^ 2 

all E Tk{t)e'^= Y n(f)(c^)'GC(R©[0,oo)), 

kez kez ^ 2 

g E Tkit)e'^= Y T"(f)e^GC(R©[0,oo)). 


(2.16) 


kez 
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Then by substituting the series (I2.16|) into Eq. (|2.14l) we have 




^ [t;: 

kez ^ 

i/(x,0)= E Tk{0)e^= E A[e^, 

MfM)= En(0)e^= E B'r 

kez\{o} 


For any A: G Z, let 


Tk{0) = A[, 


'bTk = 0, 


where Bq = 0. Then we get the formal solution of Eq. (I2.14|) w.r.t. | 


kez 


u — Ao+ 

ket^+ 


A+fl) krcAv — llBh 


where 


h 


2kT[\/ A 
—a + s/^kn kn 


-cos/iitT 


A — a)k7zAi^+2lBi^ 


ik- 


j-l+— kik- 


2kn'/A 
—a — \f^kn kn 


-cosh 


2k 


^ fcGlNf^ 


Similar as Theorem 12.71 we have 

Theorem 2.9. If 


E k^lAkl+klBklK+co, 

keN+ 


then the series (12.171) is a solution of Eq. (I2.14E 
Example 2.10. (Second order elliptic equation) 


utt+auxt + buxx = 0, a,b>0, A = fl^ —4fo<0, xgR, f>0, 
m(x, 0) =cose^^, Mf(x,0) = sme^^. 


Note that 


u(x,0) =cose^^ = E (“1) 

fceis 

Ut{x,0) = sme^^ = E (“1) 


fc6N4 


gikx 

(2ky.' 

g2(2):-l)4 

(ik-iy. ■ 


(2.17) 


(2.18) 


So we have u{x,t) G f T(R0 [0,oo)), {e^^^}keK- We can get the formal solution of Eq. (12.181) 
w.r.t. 


M(x,t) = l+ E 

keK+ 


( —l)*'exp(2/c(—flf+2a:)) 


(21c)! 


cos2/:'\/—Af+--^=sin2A:'\/—Af^ 

(-l)'^-iexp((2/c-l)(-at+2x)) sinf2A:-l)x/^f 
^ (2Jc-l)!(2)c-l)y^ sm^zx ijv Ar. 


(2.19) 


It's easy to prove that the series (12.191) is a solution of Eq. (12.181) . 
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Ut — t{y—3)uxxy = 0, (x,i/) t>0, 

w(x,i/,0) = x^(x— 7r/2)^sin(i/ — 3 ) 5 . 


( 2 . 20 ) 


Note that 


o -3 cJ »—^ 3(2m—1) 

—7r/2)^sin(i/ — 3)5 = ^ Akm{y—5) ^ sin2fcx, 

(k,m)EN\ 

^km = )^ -TTT~ / ^^(^-7r/2)^sin2/cxdx, (fc,m)eN+. 

(2ra —Ij! n Jo 


where 


So 


M(x,y,f) S f T(n© [0,+oo)), |(i/ —3) * 5 * sm2/:x| 
tionofEq. (I2.20II w.r.t. |(y—3) * 5 * sin2A:x| 


(/c,m)6]N^ 


. We can get the formal solu- 


(k,m)ef^'^ 


%—1 / 6 o o \ 3(2m—1) 

i{x,y,t)= AfcmexpI —-(2m —l)A:^r j (y —3) s sin2/:x. (2.21) 


Moreover, we can prove that 



7r/2)^sin2fcxdx 


<+00, 


m gN+. 


So the series (12.211) is a solution of Eq. (12.201) . 

Example 2.12. (Stokes Equations ||3l- [53). 

' 3 

Ujt-v £ Ujx„x„ + pxj=fj{x,t), ; = 1,2,3, 

m=l 

Uix^+U2x2+U3x 3=0, t>0, X=(Xi,X2,X3)eR3, 

Uj{x,0)= Z ^jkfkr ; = 1/2,3, 

kez^ 

fj{Xri)= L Bj!,{t)(pk, / = 1,2,3, 

fc66Z3 

where (pjt = exp(iAikiXi + iA 2 k 2^2 + 2 A 3 fc 3 X 3 ), Ay e]R\{0}, ; = 1,2,3, v>0. 
Obviously (t/i,W 2 ,M 3 ,p)^ Gf T(R^© [0,+co)), {(pkjkez.^- So we let 


r Uj{x,t)= £ Tjk{t)fk, ; = h2,3; 

J A:6Z3 

I p{x,t)= L Tik{t)(pk- 

V A:6Z3 

Suppose that the series (I2.23|) satisfy the following conditions: 

' Uj= YY Tjk{t)(pkeC{M.^®[0,+co)), ;■ = 1,2,3, 
kez? 

p= YY S C(R^© [0,+Oo)), 

)c6Z3 

< SC(R^©[0,+oo)), y = l,2,3, 

fc6Z3 

^ixmXm= I] -(Amkm)^Ey;f(f)^;ceC(R^©[0,+oo)), ra,; = l,2,3, 
kex^ 

Pxj= X] 2M/'^4fc(f)?’)ceC(R^©[0,+oo)), / = 1,2,3. 

A:6Z3 


( 2 . 22 ) 


(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 
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By substituting the series (|2.24I) - (I2.28I) into Eq. (I2.22I) we get 

3 

L [Ti+ L v{Arnkm) Tjk+iAjkjT4k-Bjk](pk = 0, ; = 1,2,3, 

keZ3 m=l 

< {iMkiTik+iA2k2T2k+iA3k3T^k)fk = 0, 
kez? 

Uj{x,0)= E Ajk(pk= L Tjk{0)(pk, ; = 1,2,3. 

Jc6Z3 kez^ 

For any kez^ , we let 


1/*:+ IL '^{^mkm)^Tjk + iAjkjTjkk — Bjk — 0, j —1,2,3, 

m=l 

2-1^1 Tik + A2k2 T2k +As/cs T^k = 0, 

Tjk (0) = Ajk, j = 1,2,3. 


(2.29) 


For every j = 1,2,3, the first equation in Eq. (12.291) is multiplied by Ajkj, then we can induce 
that 

3 3 

nk'ti{Ajkjf-'^BjkAjkj = 0, kez\ 

j=l j=l 

Hence we have 

T4 (0^0,0)=^, fl is an arbitrary constant, 

E kjXjBjAt) 

T 4 fc = q-, kez\{ 0 }, 

E KkAi)^ 

/=1 

Tjk = exp(^- E v{kmAm)^t^ lj^{Bjk{s)-iT4k{s)kjAj)exp^ '£v{kmAm)^s^ds + Aj^, 

i = 1,2,3, keZ^. 


Clearly we have: 

Theorem 2.13. If 

3 

L L^m{\Bjk{t)\ + \Ajk\)<+co, t>0, m = 1,2,3, (2.30) 

keZ.^ 

then the series (12.231) we obtain is a solution of Eq. (I2.22E 

If tq(x,0), i = 1,2,3 are the real-valued functions, then we have Ajk = Aj_k> 

Bjk{i) = i = 1,2,3, k G Z^. So we can induce that: 

Theorem 2.14. If Uj{x,0), fj{x,t) j = 1,2,3 are the real-valued functions, then so do the 
functions (12.231) we obtain. 


3 Series solutions to the cauchy problem for some more general 
LPDEs 

In this section, using an iterative method with respect to dl.ll) . we deal with several 
EPDEs. This technique can solve many EPDEs. 
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Example 3.1. 


Uy-Uy.y-i^'^ M = ye 

' (x,i/) e^ = {(x,^) |x>o, o<i/<x}, 

m(x,0) = 


Clearly we have 


Next we set 


exp(e-(^+2))-l= ^ 


fceiNj 


-J:(x+2) 

Ti ' 


fceN 

Suppose that the series (I3.2D satisfies the following conditions: 


-k{x+2) 


' w = E ^kiy)e 

fceiN 


gC(q), 

ec(n). 


<: 6 N 


wu= E eC{n), 


kef<l+ 

^-(x+2) 


i)"= E E<^-i7^‘^-‘'"^'<sc(n). 

^ ;t6N+ m=0 


Substituting the series (|3.2|) into the equations (I3.1|) we have 


(3.1) 


(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 


-t-oo 

r'(y) + (2rj(y)-To(y)-f)e-(-+2)+^ 


k^2 


(M)Ti(y)-'E w- 

m=0 '■ 


i_ T 


(y) 


g-fc{x+2)^0. 


u{x,0)= E T,,( 0 )e-'^(^+ 2 ) = l+e-(^+2). 
keK 


Let 


T'{t)=0, 

2T[{t)-To{t)-t = 0, 

j,^TUt) = Q, 

m=0 ' ' 


To(0) = l, 

Ti(0) = l, 

Tk{0)=0, k>2. 


Then we have 


Tk{t)-{ 


h 


1 

k+l 


^f^ + ^f + l, 

/ L jj^Tn,(s)ds, 
0 m=0 


k = 0, 
k = h 

k>2. 


Next we prove that the formal solution (I3.2I) is also a solution of (I3.1II . By the induction 
method, we can prove that 

0<Tk{y)<e''\ fceN. 


So we have 

0 < (x,f) e O, eN. 
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Hence the series (13.21) converges uniformly on Q. It means that the formal solution Il3.2|) 
satisfies (I3.3II . Moreover, we can prove that 


I I ^ ^ (y) 


y-'fc—1 1 

(k-m)l 




<ke 


-2k 


k>2, 

k>l, 

k>2. 


So the series (13.21) we obtain satisfies (I3.4I) - (I3.6I) . Therefore it is a solution of (13.11) . 


Example 3.2. 


Ut + u-\-{x-\-3)iUx = 0, x>0,t>0, 


u(x,0) = sin (x+3) 4 = 

keK+ 


(-l)''+i(x+3) 4 ■ 

(2Jc-l)! 


(3.7) 


Similar as Example l3.ll we can get a solution: 


u{x,t)= ^ Tk{t){x-y3) 
ken+ 


where 




0 , 


k = l, 

fc = 2,4,6,---. 


^(li^Tk-2{s)e^ds^ 




, /c = 3,5,7,---. 


4 Series solutions to the cauchy problem for some NPDEs 

In this section, similar as Section |3l using an iterative method with respect to dl.ll) . we 
deal with several NLPEs. This technique also can solve many NPDEs. 

Lemma 4.1. (Abel identities 161) Eor every fc G1N+, we have 

k{k+lf= ^ \m^{k+l-mf-'^, 

m=l V ^ / 


where 


k+1 


(Ml)! 


^ j m\(k+\-m)\' 

Example 4.2. (Inviscid Burgers' equation). 


ut+uux=o, (x,f) en={(x,f) If>0, xG [0,11]}, 

u{x,0) = l+e^^^^. 


(4.1) 


keN 


Next we let 


(4.2) 
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Suppose that the following conditions hold: 

ket^ 


keN 


:= X] /cr,(f)c'^("-i2)GC(n), 




uu- 


= E LrTrit)nMt) 


,/c(x-12) 


ec(n). 


kelN+ r=l 

Substituting the series (14.211 into (I4.1II . we get 


+00 k —1 

T' + (rj + roTi)e^-i2+ £ (T'+fcToT^+ E =o, 

Jc=2 r=l 

A:6N 

Note that the sequence is linearly independent, so we have 


n=o, 

T[ + ToTi = 0, 


To(0) = l, 

Ti(0) = l, 


Jc-l 


T;^+kToTk+ErTrn-r = 0, Tk{0)=0, k>2. 




Then by Lemma l4Tl we can get 


Tkit)={ 


1, k = 0, 

k — 1, 

e-’^^fz-rTr (s)e^Ms = (-l)^+i ^ fc > 2. 

0 '■=1 


So we get 




)c>2 


(4.3) 

(4.4) 

(4.5) 

(4.6) 


(4.7) 


Next we prove that the series (14.71) satisfies (I4.3N4.6I) . Note that ^ m,k G N, so 

we have 

< L-\ k>2. 

K K 

So the series (14.71) converges uniformly on Q. It means that the formal solution (14.71) satisfies 
(I4.3D . Moreover, we can prove that 


k-l 

I E ^TrTk_y\ 
r=l 


{k-l)k>^ \ k-2,,-kt _ jEE_tk-2p-kt / 1 
k\ ((c-2)! — ' 


k-l 


I r; (f)e*^(^-12) I = I fcTo Tfc+' E I 12) < 

|fcT^(t)e'^(^-i2)|<e-^ 

Thus the series (14.71) is a solution of (14.11) . 


k>2, 

k>2, 

k>2. 
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Example 4.3. 

f Ut + {x + l)^Uxx + UxU = 0, x>l,t>0, 

\ m(x,0) = (x+1)^^ + (x+1)^2. 

Similar as Example I4.2[ we let 

u{xA)= X] 

A:6N+ 

Suppose that the following conditions hold: 

u= ^ Tjt(t)(x+1) ^G C([l,+oo)0[0,+oo)), 
fc6N+ 

Mj= ^ —kT]^{t){x + l) ^ ^ G C([l,+oo)0[0,+oo)), 
keN+ 

Ut= ^ T^(t)(x0l) ^GC([l,0oo)0[O,0oo)), 

' fc6N+ 

Uxx= (^ + 1) ^ G C([l,0oo)0 [O,0oo)), 

fc6N+ 
k-2 

UxU=Y2 ^ G C([l,0oo)0 [O,0co)). 

. fc>3 r=l 


(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 


Substituting (I4.9D into (14.81) . we get 




(T(02Ti)(x0l)-i0(r'06T2)(x0l)-20 £ (T(0fc(/:0l)rfc 

k>3 

- EWfc_i_,)(x0i)-'^ = o, 

r=l 

u(x,o)= E rfc(o)(x 0 i)-'^=(x 0 i)-i 0 (x 0 i)- 2 . 

keN+ 


Note that the sequence {(x01) is linearly independent, so we have 


T(02Ti = O, Ti(0) = l, 

r'06T2 = O, T2(0)-1, 

Tl+k{k+l)Tk- ErTrn^x = 0, n{0) = 0, k>3. 

)■=! 


Then we get 


Tk{t) = { 


-It 

/ 

-6t 


k=\, 
k = 2, 


tk-2 


j Y^rTr{s)Tk-i-r{s)e^^^+^>ds, k>3. 

0 r=l 


Next we prove that the formal solution (I4.9D satisfies (I4.10I) - (I4.14|| . By the induction method, 
we can prove that 

fcGN+. (4.15) 
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So the series YlkeN+ ^k{i) (^+1) ^ converges uniformly on [l,+oo) 0 [O,0oo). It means that 
the formal solution (14.911 satisfies (I4.10I) . Moreover, we can prove that 

\T;^{t){x+l)-’^\^\k{k+l)Tu-’'ErTrTu-r\{x + l)-’^<2k{k+l)2-K k>3, 

\k{k+l)Tk{t){x+l)-’^-^\<k{k+l)2-’^-^, k>3, 

\’'L-rTr{t)T},_^_,{t){x+l)-’^\<{k-2){k-l)2-K k>3. 

r=l 

So the formal solution (14.91) satisfies (I4.11I) - (I4.14I) . Thus it is a solution of (14.81) . 
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